(orgese Comb Opt 1:
table Iog-concawe genemﬁng Po\\iv\omm\s

NO‘\_(X'\'\(W\ \NOY\( in “{[.X\, ,Xn‘] c) ax
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o €2, X =Xy ar\o\ J -5 a:“
ﬁ,yo(-lLseioﬂ use X=X, O 513

N Z’o_’ ‘Rso - %@nexod\ng ‘FlAV\C‘hOV\ 3'A H(o())(
Supp() = supp (9u) =1 e¢: pley 09 finite

Note: Prob() = W iS & discrete prob. dist:

OFten g,,\ 1S \r\omog (°<+ #0=d  for all xeA)

Lmportant speciol cose = Suppk) < 0,11’
3 2 rA(S) X a 3” Z }A(S) S\‘\ (COV\dl‘\'\mmg)

S€mn on 1€
ditioni
A P‘(S)XS (co;\\ 1;“3“9)
Ex0: 9= XX# X¥X¥ X% X3 9,9= X 4%

Ex | Trx. Where T runs over all
3 z-rL ecT  Spanning frees of a graph



0‘9@ = XX XKg F XXy X+ XK Xyt X XeXs
WNeY 5 + X‘XL‘X5+ XZYSXq*Xz)(qXS‘\’ XSXs.(X5
Class of polqnomials Qp > Class of distributions

Woyrt
 closure under nafuwal ppevations

* include \'N\PN‘\‘M\’r examples
‘implicationS for “shape’ of
. efficient alqurithms for (aﬂym x) sampling

{P\ea\ Stoble ?b\\f] i(stvo?Hwn coNe poly. )1

Real stobility fxeRe: 6000}
TR, %] is stable i flta+b)e iRYt]v\%/

is veal vooted for ol aeRy e R"
Eq\k\\/ f%)#:D for all %GQ with Tin(2) eR,
tx: §= -lTX Clkorb) = —ﬂ_ (tn.+b;)

——
——

Ex: Df= Zo OF where  stuble, aeR,
e §= T[rx 0el1,0) Df= ZTYX =€, 0¥



Ex: §=det(xAr#xAn) where B, Ane (::’?v\ oce PSD
~ Rside: Me\R‘i\’;& s positve semidefinite (PSD)
& al eigenvalyes of M are 20
& M=UU" for some (he R*™

Why? §ltarb) = det(tAl) +Al)  A)=ZxA
pos. def A(a):uu"" A€ Rd‘d im;rﬂ:\e
= det (W det (AT +(' ALYUT)

voots = — (ejgva,\ of G‘A(\o) \XTE “{d:\?m}

€9 §=detl x.;:_,, x.:ii_,,) = XX+ XiXg* ¥ X3
6.3. ? = det ( ‘?TX»VV‘T) where V.,-..,\I,,\GRA

= 2. olvﬂ'(V;“&S‘)2 x>
Se(Cy)
_ —\'\‘X where T"\M\S Ner l
el § z_‘_\ T Spanning frees of & graph

(wejg\r\*eo\ madrix 4ree theorem )

Borea and Brindén classify linear operators
on RIx,., x| preserving stabilidy,



Comechions 1o negative correlodion

Tim (Briindén, 200%) If §eRlx,x%] is stable
then for every ijend,
Dy ®)=0;f O;F - §-0,9, ¢
IS nonnega’n'\le On TR'\,
[dea: §= axxrbxr X rd stoble L—
S Nof = be-ad 20 S e
= (ax+b)(ox,+c)-F-a _j
Ex: §= xX# XXX X5
T, 0)= (kX)) £1 = (k)

g(mefah'ng Po\\;nomials '

= Z WO sable, gui1)=1, Frob,(S) = k(9

0;9u= ZN(S)X = 0 In (1) = Prob(ie S)

9
B9 (1) = Prob(ieS) RrobljeS) ~ Rrob (i, €3) 20
“negodive  corcelahion i




Ex: Pick a spanmng 11ee of a graph umﬁ)rm\\/ ot random)

0‘.@ + X “Hxs” XzYs q*—X Xy Xs¥ szqxs)

Prob(1€T)=5/s, Probl26T) =g, Pob(12eT)=3 <55
g’, stoble & s Shb“ﬁ“l Ra\flelgh

‘Negadive dependence and ¥he geometry
of polyromials by Borcea, Brondén, Liggett

Connechions 1o maivoids

“Thn (Choe, Oy, Sokal, Wagner, 2004)
It £=2" cs xS is stoble then H=18:cs90]
Se(m) are the bases of a modvdid .

Brindén: Not all madroids come this uoa\,
(Fono wodvoid)
Motroids

B = nonempty collechion of suosets of [n]

M=(nB) is o madoid i
AReB aeA\% =3beR\A st (A\a)uibjeB

v “rank” of M




B="bases of M (nete |Al=IB) for all AREB)
L= "ino\epeno\em sets = 1Tl : AReB with '.[937;

Log Concave ?o\\!nomfals
let fe [RZO{X\,...,X,\], (§=ZcxX” with Ry )

fis log-concve on Ry i log(€) )RR is concave

Thot is, ¥ \Og(ﬂ (39 \09(‘1\)) is ne odwe Semidefinite

o e x=aeRe. ol e mva\ues 40
equivalent: V' I*logl€)v = =D, log®< 0 VveR'

fis 3\'ronglq log concove (SLC) (¥ Sor all
KEZyp. O*§ s 10g- Concove on R,

0\so called Lorertzian bor \r\ovv\°9' PD\\I

Ex: Real roo+eo\ Po\qmmm S p(’c\ (t-v) (t-v4)
Iog(p)= 2‘09“‘ %)= loolp)” - Zl(t T <0 o tef
Ex: tomogeneous chable polynomials

Ex /T (Anori-Liu-Oveis Gharan-V, %mndén )

g T n-T]
- x® ond %
fe?els @"* S




for ony madvoid ([0, B)

Cor (Mmost negadive dep@ndex\ce)

2 _ (0 £) ‘)
[V |09 ﬂ i F‘[fa.f -9.F-oF "(aﬂ

det (1) = 9O (20%-9f - £-0id5F)

eval ot y=1 — Z?rb\o(l eB) Prob )eB) > Probl( \,JeE
Nee Huh-Sdner-\A)anS P more.

What is T7Iogi6)? Plogfe)= £ - vbed”

U= (845, 0n8), T8 = (8:0;0)s

Ex: =008 XXgt XoXa  TE= (g, Xirg, Xty

o1t -(x+x)z ~X3 ~%;
26 = 3
! ( : ?(‘)) \09\‘9) ( ~x3 ~(xg) %
2 2
LCRRS § - (X, +%,)

Lemma: TOC FelRyoTkn--Ya) be howmog. of deg d.
§ is \og concove ot x=or e RS
& VT of x=0 hos ¢ 1 positive eigeavalue
(Pr__gyo?) £ log concave = \($a) 9lo) - vfta)eslol)v <O
= V')V ¢0 fyr v with Vf(ai‘;#o




VQ€le)v

= hyperplane {v: vlaY v=0]
intersects Span eigenvectors of v*f(a)
with positive eigenvalues only in 10§

a
Newton's Ineq { =kZ=och'fxf'k SLC

-

Ce \2 [ e )y discrete |
> (&) 2 (BT eyemay
(Proot) = & ™' F eRlxyxal, s log-aancove

kel 31 98 §)
= 02 det(v%a) = et(a‘ 9, § 90,
02 det(v?9) = 4 SFakrg e

2 Cert/ \3\ CK/(?‘)
=(d") det ( G ;‘a) c,.‘/(.:.))

Cov (Mason Cov?') k. tN)= ity s SLC

E#{Ie’.t'- ITI=k] = (E_.',:_‘SY ZK-EZ%:))((]:T:D
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(orgese Comb Opt T

Log-concavidy ¢ Markev chain's
| ot gzgp\\od x“eRonx.,...,x,] be \(\omog). of deg, ad

(e9. <3=%€%XB where ([h],f)) is o mortroid)

Def : O 1S '\ndecom])osa\o\e it the

Qroph with vertices 1i:0;5#03 and

edoes 11jl ¢ 0:0;§+0} is conmected.

eX. X, X+ XXy non-ex: X X, + X3 Xy
o—o—0 O—® —0 X

Trhm (ALOV, Rréndén-tuh) TFAE:

D s byome o} Y 22, song b cnet)
D Dydyg is bg-concave on Ry Y, ve Ry, (CLC)
@ () g is indecomposable for all || < d-3

(i) 6“3 S log-Concave for all |oxt|=2

@ ) NﬂﬁHﬂ) is M-convex and }A(O(H: 0 Vo(eNewT(g)
(i1) Vzadg has ¢ 1 pos. eig. value Vlxl=d-2




®/® ensiest 4o check
@ related 4o comb. trdge theary (Ao\iPmsH'o-Huh- kotz)
= closure under > Urvr %) for v NeRsp
eq specia\izing o X=X

@ useful ftv Markov chaing
= generalized )
n

A polytope PER™ is M-corivex ( permutohed(o
if every edge of P is poraliel o 1;-1;

for some i,je[ﬂ]. (132) (2,3,1)
: (1,2,3) 2,1
Ex: permuivhedra par o o

= conv{ (m(ym(2)m3): e 83} 1.-1% | (:'3;2 (:.l.z)(o}
P K+ Xt Xy =

Gal for hdo«\,‘ Netch @250
Moral: all about quadratic forms

lemma 1: $is CLC & ¥ Vi Vg € R; ,
Bv,'" Dvd-‘z ‘F IS Lc on [R: < ho\moa of deg 2
( idea.* Euler's formula : Dvﬂx-.-v = d-f(v))

Lemma 2: Let q(x)%XT@x with @e(Rzo)m\.
For aefRy with glo)+0, the fillowing ore equivalent:




1) q is log concove on Ry

2) (1) €0 for all xe 40} = Qo

3) q() €0 foral X in Some hyperpane H

4) Q has ¢ | posﬂwe eigenvalue (”Loven’rzfan

(Proot) (3)=(1) Toke be " N S“OVMQ\‘)
v*log(q)(a) = q(_loo"‘( q@Q - Vq(a)vq(a)T)

Cloim® det([ 25721 b])= det (glg‘; ﬁf%‘@) <0
+0'Q0=29(0)>0 = this 2x2 matvix not NSD
* SPQV\[Ri O,US OH has dim 2 1 > V&tV o

T -1
= TR0} st V(532 S8y <0

3 this 2x2 matvix not PSD .
AN20, A¢0 & AA=det €0 -
= 02(0R0)v'Ab) —(FRa)(a'})

-5 (008 - @aG)b o
Vulbg( q)(a\: q(ia)z 1 —(@a)(@ojr olso NSD

Lemma 3¢ §,9 CLC, Daf=Dyg* O forabek;
= f+q CLC




Ldea: §9 quadrad\c
fg‘O on H= DF Dbﬂ
ﬁf*g O on H.

Lemma 1 § indecomposable, of,..,d,§ CLC

. = DF CLC for any \je[R“
C\Oum ZV o;f CLC for all k=l,..n

Induct on . 0=V, 0,,0), b=(0, OvK,,., .0)
DaDy 3= Dy Dot = Zv Nen9;0,.F ADF D= Zv 58 CLC

\\no\m’ﬂ'v\o}r ™ deg g) jives proof of @@

Back 4o malyoids:
M=(Cn, B) & madroid ﬂM‘—' Z x®

G

For 3¢ln], 0> M-BeB 3w = 9mig 1SI=d2

M/S rank 2: i~} & 1,;3¢8 equivalence relation
ﬁlﬁ 1jkj¢8 = it,kiff-b)
O1 1 (100
> ', <10 3| = 1| 010
S 111 0 00 1
LY~ 7 psd

' and




2k} 20 on I = log-concave on Ry
+indecomposability =9y is CLC

o _
E_X ' 2, O XKXa+ XXX + XXXyt X, XeXs
NS KXgXet K XKy KX Xst X Xy Xg

: aS%M: 3M/5 = X Xot XKt X, g+ KXyt K Xy
o1 1 l 000
2 _ T
Taa= (1881)=1(§118)
I I B o |
Lz XT(vZaSS)X = 655 = (xl"' Kot Xg¥ X‘i)‘z_' X‘:‘_ (xz"'xasl’ X:
$0 when XeXtXa+ Xy =0

Randown wolk on B (N=18l)

)= ReH - down-up walk
) Remove beB uniForml\, ot vand om
D) Add aeln) st. B\ibjuialed uniformly at randon

X(t) = B\ibjuial “op-down walk
Repeating (2),(1) gives walk on LT [Tl

X(0) X() X(2)

Ex '-.<[>Z. <. <l>’<l>“ <l>"<l>‘

\

Y




Ex:B=112,1314,23,24,34} i3 i,

1213 128 24 8 N {ﬁ]"/s 2 1
v I e 'l 'l 'y, O
P: 13 (' /3 "/b %o 0 'l \ T | 7' '|3 l:‘ 2: z(;ts;\
4| Ve fo /3'0 b 'le, :’(';AA 2frv o0t 1O
Al Ruih ] Con ATt ot ed
b L /b [
3‘_‘\0 ‘Ib‘lb‘lbllil/3 )\bZO Y\00 1+ O |
. P - \\ '
Transiion modrix for “wp-down walk on 112,343 is
1 2 3
A Y e Mo Ve o1 V1
= 2 Yy Ve Yl = L U - Affv 0 |\I
P %('5:-’,:4:4‘:)“ AR 3T g1 te )
Y\ Yo 'f Y2 - 1.0
)\zﬁll‘z

Fact: ATA, AA" have Same nonzefo eiqvals
D AMPY) ¢l o) =9

= )\k(P)"'V“M“\u\)‘b“é 2 e

Thw (Diconis, S’rroock\"i\) P= trans. matvix

- . . \ *p)« i
MIX ’\'IW\Q < \-)\*(P) \09(2‘\1*) -)F\biP.)Fag('

=) want

where A(P)=maxiA,, 1A, V*=m3in§vﬁ o
tigh Dimensional Expandexs .
A= simp | complex, pure of dim d\-| é‘i}

W = weight on moximal faces



Pr ge A link (M) ={r\o :Tep oeT!

T (KauBinan- Oppenheim, 18) (F

(1) all links of A with dimz! hove
connected 1-skeleton

(11) tvans, madvix for “u Up- -down walk on
1-dim'l links of A has A, ¢
Jr\newn Yans. madvix for “down- up wolk.
n @-N-diml Foces has A, 2 1-7

\deo : consider Markor chains on Ak U Alk-l)
Ale) S S\ivy “Trans. matrices

1 4

SN downpon AR
-\ N\ g \4) N "
A (k) ! \AP-dow\ on A[\E'O’Eﬂ

P P2 have same nonzero eig. val, all 20
bound 0’3.\10(\ of P uging ejg.vod of PKA
Stork w/ A, (PY=AME) % ond induct



Tm (ALOV 19) (AW) sakisfies 6) and i)
S F=2wle)x" is SLC
SeA ) A= w(T)=|
Coc: Ror Ounj madvoid of vank 4, this random
wWalk on L@D)=B mixes in time O(dl\og(n))
~ |ater improved o O(d \og(d))

Sample BeB by sturting af any X0=AeB
taking O(d\og(d)) steps, oudput Xit)=Re B



(orgese Comb Opt
Loq -CoNCaVe Po\\‘nomm(s Overview

- "easy v dest
- sahshed b\, many erereS‘hng ex
* basis gen. Pol\( (po\\{modfmdSlM'coWO( funct. )

Beinden - Huh Lmhan
* ol (%Kit % Ko poly*
' Kl) ,K“ ¢ fR cornex bodies

* muthvariate Alexander Po\\i of
SPe(',ia\ alt. links Hafner-Mészaros - Vidings

— closed wnder many oPe)fa'hov\s
m\\h{)\\ cachion, speua\\%a’non 2 fleex;, -

= imp ies disuete \0(3 ConCale of (oeft
e. % 53 Z '\Tx check SLC usm3 bR 5

6|x.-..=x,. = iy ((‘3.\ : \HNQS
= mixing of domn~\q> Mow kov chain

=2, MOX®  Walk: S ,S-s\iluig
SG.(["")) prob /4 Q\gi| P P(S')




T (MOV) Station dist o (}A(S))ge(l:;])
\ %ﬂs SLC Hhen ), (tvans. matvise) £ I+
= wixing 4ime O(d*logln)) — Oldiog(d))
bullds off | KouFman- D\Dpe,n\ne'\m,\\xpl
~ Opprximake Counting via convex. opfimization
(TDDA\I) vio "capa Gy ‘max ex\'\YbP\i dist
Ref - Gurwrts "0lo* Von dos Waerden Conj
AOV *|3: matwids ¢ modvoid inter sedio‘v;'s
oy { Brindén-Leake -Pak 20: (onhigeney Tables
o (\\1 Gurts-Ylein-Leake 24 : TSP (h-16%-%-16")
ook
erivopy Sing‘/r\lis\/md\ 15 * Entvopy, optimzadion, « (ooiting
R geRplt- %) define
P
Coplg) = Ib. T
Th (Gunits) 1F g is SLC, then
o Caplg) €9-3,9 £ Caplg)
n!

—  whewn 0 \mmo%. of deg n (——9 g‘/" concowe)

nV\



Ex: (3: XT+ 3x\x2+ X;' CqP(S)z inf >;|+ 3+ Xe 2=

¥ >0 2 )

v=2) 5 _ -2-':5 29,0, q=3¢5
2 2t
Ex: AeR“x" 9= _\T Ax), = _\T(ia“ X;)

0, ag ms“‘\m‘““‘ \)er
\an der Waerden CBY\\
Ae R, dobly Stoch. <> ber (A) n—:\
(Aot $om Thin) = WTS Caplg) 1
AM-6M : gk 2 TTLTT X3 = Tjhfmszmj

)
= 3_()_(). >\ = - p— \V\F _Q(i)- S
T 1 % x=1 = o T, 1

Claim: S’t\sz[ﬂ \og- Cone. ):r;f) %ﬂ Le £'(0)

(Fof)) Assume f(0)30 and rescale »£(p)=| (‘““\{"Q‘m

lE/olc,gm»m ‘03 o) ¢ \og(‘?(o)) {,Ho\ = ££'(0)

£ etF ) _ _
Ri t : \Si £ =f0)e (t" {-"lo))

(veplace log() = 7 for shvonger const. )




(Proet o‘?T\r\m)(\v\d\A(’r oN Vl) h=(6xn<j) k=0

-
—

| (x)
inf k) _ f AV 6)(

XEP:\O XX X,y X, O x‘...Xn,\L X, >0 n ' éeh
£ e-Ca?(h) =
< e en-\ azanh = enalma“(j .
Linia\‘Samwodﬂi+S\<\’ - \Mlgdu son Ole")
ly Hime O(e" for
poly (€") " opprox ‘per(mm
(maeix scaling + VAW baund) AR,
. n . -~
impoved 1p {2 (Anari, Rezoei “IR)
Mahoid intersection

M=(n),By) N ([W1,8,) matoids

WNont 4o approx. [By 0 By ]

(for N=(%7), this 1s |Bu] )

S\DQC\Q\ Case * #perfect matchings in a bipartite gmp\n
Azav, Broder Frieze show appvox factor

o 18, 2 20075 (> 225 0 ol
fov determinishic Doy hme a‘g. (indep. oracle)




\B
O(0=ZX" ) =2y
® BM BeB, G (%y)

Caim [,,18] = ’T 3rdy) Ot Yely)

) Tr(ax £d,) = s ay™>
Sctﬂ
. 1 & A=S B=l\S
Al 1Bl=n, 3, 0y™" x*yP io ouo.

S Cn'S\S {1 % S¢BL 0D
9“\(7() N*(\l) io o0, M

Lemma Fr any pelo]”
Tr( 0 +c3y) G > £ inf Gloy) bnly interesting

20
z :70 xf\’l PJ for B0 PN

hse “ wox evﬁ‘mw d\S‘\Y\\o\/{\\m\ +v bsond !
Define  H(p) = Z.(piloglp) * (-p)log(iZ5,)

Thm: H) - 3r £ \O \‘BMﬂgN\ Hp) e
N e n P P 1eB
™ P [0\] T \Am‘? B?\%Mﬂb

= entropy of uni® dist. on B,0By
(Fov olist+ N‘Z —»IR,O, erﬁvop\, ZN(S\ ‘°3(;4(S)) )

Seln]



Po= onully Bedy)  By=conity: BeBy}
Useful fact : convile: BeB 0B J=P,0 R
Cormpute = Mo i H(p)+ pe Ran R’

G concave, use ellipsoid method
= e'r—ar . \BM(\@N\ ¢ o

“Tom (AOY1R) This gives det. poly time
alg COMPUTING 2% “malt. approx of 1B,NB,|



